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QUANTUM GROUPS, QUANTUM TORI, AND THE 
GROTHENDIECK-SPRINGER RESOLUTION 

GUS SCHRADER, ALEXANDER SHAPIRO 


Abstract. We construct an algebra embedding of the quantum group Uq{g) into a cen¬ 
tral extension of the quantum coordinate ring /H] of the reduced big double 

Bruhat cell in G. This embedding factors through the Heisenberg double Hq of the quan¬ 
tum Borel subalgebra U>o, which we relate to Oq[G] via twisting by the longest element 
of the quantum Weyl group. Our construction is inspired by the Poisson geometry of the 
Grothendieck-Springer resolution studied in |10 |. and the quantum Beilinson-Bernstein the¬ 
orem investigated in [3] and |34| . 


Introduction 

A basic and much-studied problem in the theory of quantum groups concerns finding 
embeddings of them into certain simpler algebras, which often lead to insights into their 
ring-theoretic and representation-theoretic properties. A well-known example of such an 
embedding is provided by the Feigin homomorphisms mm from the positive part Uq(n+) 
of a Drinfeld-Jimbo quantized enveloping algebra to a quantum torus algebra. For each 
reduced decomposition rcq = sq • • • of the longest element of the Weyl group, one has an 
algebra embedding of t/g(n+) into the algebra generated by variables ... ,Xf^^ subject 
to the g-commutativity relations XiXj = q^^^XjXi. Other examples of quantum groups 
which have been shown to admit similar embeddings into quantum torus algebras include the 
quantum coordinate ring Oq[G] of a simple Lie group G, as well as the quantum coordinate 
rings Oq[G'^’'"] of its double Bruhat cells constructed by Berenstein and Zelevinsky in [ 6 ] and 
shown to bear an explicit structure of a quantum cluster algebra in m- These realizations 
of quantum groups are closely connected with the theory of quantum cluster ensembles 
the Feigin homomorphism playing the role of quantum factorization parameters, and the 
Berenstein-Zelevinsky realizations playing the role of generalized minors. 

The problem of embedding the full quantized enveloping algebra Uq{Q) into a quantum 
torus appears to be more subtle than the previous examples. In the construction of principal 
series representations for quantized enveloping algebras in USmSlllg], homomorphisms from 
a certain modular double of Uq^g) to a quantum torus were obtained by explicitly writing 
formulas for the images of the Chevalley generators, and verifying by direct computation that 
the defining relations were satisfied. In particular, this method depends intricately upon the 
Dynkin type of 0 . When g is of type A, quantum torus embeddings can also be obtained from 
representations of Uq^g) of Gelfand-Zetlin type [29], which led to the proof of the Gelfand- 
Kirillov conjecture in |12| . These embeddings, too, are constructed by explicitly verifying 
the relations in the Chevalley-Serre presentation of Uq{Q). Subsequently, analogs of such 
representations for any quantum affine Kac-Moody algebra Uq{g) were proposed in |14] . 

In this paper, we present a new approach to the construction of quantum torus realizations 
of Uq{Q). Our construction is geometrically motivated, and requires no calculations with 
generators and relations, yet the homomorphism we obtain can be explicitly computed, see 
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Corollary 17.51 Our strategy is to construct an algebra embedding of Ug{Q) into the algebra 
/H] (^iT, where Og[G'^°’'^°/H] is the quantum coordinate ring of the big double 
Bruhat cell in G reduced by the maximal torus H, and T is the commutative torus subalgebra 
of Ug{g). The desired embedding of Ug{g) into a quantum torus algebra can then be obtained 
using either the Feigin homomorphisms or the quantum torus realization of Oq[G'^°’'^°/H] 
constructed in [ 6 ]. 

The geometric motivation for our construction comes from the Grothendieck-Springer reso¬ 
lution of the complex simple Lie group G. Recall [7] that the Grothendieck-Springer resolution 
for the Lie algebra 0 can be regarded as the moment map 

pio- T*{B)/H^g 

for the Hamiltonian action of G on T*{B)/H, the quotient of the cotangent bundle of the 
base affine space B = G/N by the maximal torus H C G. In particular, the resolution map 
po is Poisson, where g carries the Kirillov-Kostant-Souriau Poisson structure. Quantizing the 
resolution yields an embedding of the enveloping algebra ? 7 ( 0 ) into the ring of Lf-invariant 
global differential operators on B, which is a key ingredient in the construction of the cel¬ 
ebrated Beilinson-Bernstein equivalence of categories. Moreover, by restricting to the open 
Schubert cell in B one obtains the familiar realization of U{g) in terms of the Weyl algebra 
of differential operators on the big cell. 

In [10] . building upon the fundamental work of Semenov-Tian-Shansky [321 |33] , it was 
shown that there also exists a Poisson geometric interpretation of the multiplicative Grothendieck- 
Springer resolution 

H:X —>G 

where X is the variety consisting of pairs {g, B') of an element g ^ G and a Borel subgroup 
B' C G containing g, and the map /r is the projection forgetting B'. An important result 
of [To] is that X and G can be equipped with non-trivial Poisson structures in such a way 
that the resolution map p, becomes Poisson. The Poisson structure on G may be regarded 
as the semiclassical limit of the quantum group Uq{g), or more precisely its ad-integrable 
part Fi{Uq{g)). It is thus natural to expect that quantizing the resolution p, would yield an 
interesting realization of Uq{g), just as its degeneration po did for U{g). 

We have endeavored to construct such a realization in the following fashion. Using quantum 
Hamiltonian reduction, we define an algebra Cg[Ai] which plays the role of the quantized 
algebra of global functions on X, together with an algebra embedding of Fi{Uq{g)) into 
Cq[X]. This is closely related to the approach of [Sj Hj and [Ml ISSl |36] to the quantum 
Beilinson-Bernstein equivalence. Our next step is to find an appropriate analog of the weakly 
H-equivariant differential operators on the big cell of the basic affine space B. This role 
is played by the algebra of torus invariants in the Heisenberg double of I7q(b+), which we 
denote by 'Hq~ . Then, using a certain twisting by the longest element of the quantum 
Weyl group of Uq{g), we construct an isomorphism of with Oq[G^° /FF] O T, where 

Oq[G'^°/F[] is the quantum coordinate ring of the reduced big Bruhat cell in G. This gives us 
an embedding of Fi{Uq{g)) into Oq[G'^°/ F[] ( 8 )T, and induces an embedding of the reduction 
of Fi{Uq{g)) by any central character into Oq[G'^° /H], Finally, in order to extend our algebra 
embedding from the ad-integrable part Fi{Uq{g)) to all of Uq{g), we must further localize the 
target to obtain Oq[G'^°'^° / H]®T ^ where Oq[G^°''^° / H] is the quantized algebra of functions 
on the reduced big double Bruhat cell in G. 

We end our introduction by outlining some directions that we do not pursue here but which 
we plan to address in future work. Firstly, it seems useful to explicitly study the embedding we 
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construct using the quantum cluster coordinates on Oq[G'^°’'^°/H] from [21 [ 6 ]. In particular, it 
would be interesting to understand the significance of quantum cluster mutations for Uq{g). 
Such an explicit coordinatization would also allow to compare our embedding to the ones 
of [HIITS]. Finally, in a recent work m a regular cluster structure on the semiclassical limit 
of Fi{Uq{gin)) was constructed, while in [5] a different set of log-canonical coordinates, which 
do not extend to global regular functions, was proposed. We plan to study the connection 
between the seemingly different approaches to constructing cluster coordinates on quantum 
groups suggested by the present article, m, and [ 12 ] in a separate publication. 

The article is organized as follows. In Section 1, we recall the Poisson geometry of the 
Grothendieck-Springer resolution of G, mostly following m- In Section 2, we provide a short 
phrase-book between the main objects in the quantum part of the paper and their Poisson 
counterparts. Section 3 contains some definitions and standard facts regarding quantum 
groups that we use extensively throughout the paper. In section 4, we take a minor detour 
from the main objective of our paper, and discuss the quantized algebra Cq[X] of global func¬ 
tions on the Grothendieck-Springer resolution. While, strictly speaking, we do not require 
this algebra itself to obtain our main result, we nonetheless consider it an interesting interme¬ 
diate step in analogy with the Poisson geometric picture outlined in Section 1. It also relates 
our work to the various approaches to the quantum Beilinson-Bernstein localization theorem, 
see [ami and [Ml EH [36]. In Section 5, we embed the ad-integrable part of Uq{g) into the 
Heisenberg double Tiq of the quantum Borel subalgebra U>o. In Section 6 , we show that 
certain localization of Oq[G] is isomorphic to the subalgebra of T-invariants in Hq. Section 7 
contains our main result, namely, the algebra embedding Uq{g) —)• Oq\G'^°'^° / H]®T . Finally, 
in Section 8 , we provide a detailed example of all our constructions in the case 0 = s[ 2 . 
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1. Poisson geometry 

In this section we recall the construction of the Grothendieck-Springer simultaneous reso¬ 
lution and its Poisson geometry. Our exposition mainly follows [321 no]. 

1.1. Conventions. Throughout this section we will use the following conventions. Let G 
be a complex simple Lie group, B = and R_ a fixed pair of opposite Borel subgroups, 
N = V_|_ and A_ their unipotent radicals, and H = B/N the corresponding torus. We 
denote by g, b, n, and f) the associated Lie algebras. The root system and the set of positive 
roots of 0 are denoted by H and n_|_ respectively. The Weyl group W = NormG(L7)/L7 acts 
naturally on the torus H. Let B = G/B be the flag variety, whose points we identify with 
Borel subgroups of G. 

For any X € A^g we denote by X^, X^ the corresponding left and right invariant /c-vector 
helds that take values X^{e) = X^{e) = X at the identity element e G G. 
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1.2. The standard Poisson-Lie structure and related constructions. The various 
Poisson structures on G that we shall consider can be conveniently described in terms of the 
group D = G X G, which we call the double of G. We write t) = g © g for its Lie algebra. Let 
(, ) denote (a nonzero scalar multiple of) the Killing form on g. Then the pairing 

{{{xuyi),{x2,y2))) = {XI,X2) - {yi,y2), xi,x2,yi,y2 & Q ( 1 - 1 ) 

defines a non-degenerate, ad-invariant symmetric bilinear form on h. The pairing (jl.lj] thus 
gives rise to the Manin triple (g,gA,g*), where 

0A = I X € g} 

and 

0* = + y,x--y)\x±e n±, y G f)} . 

Let G gA and G g* be a pair of dual bases satisfying = dij. Then the 

canonical tensor 

i 

gives rise to the bivector field 

^d = ^d- Xd 

which equips the double D with the structure of a Poisson-Lie group. 

Notation 1.1. In what follows we denote the Poisson-Lie group by D-. 

Let Ga and G* be the connected Lie subgroups of D with Lie bialgebras gA and g* 
respectively. They take form 

GA^G = {{g,g)\g(^G} 

and 

G* = {{u+t, t~^U-) I u± G N±,t G if} . 

The bivector fields 

'X— = — ~ 

turn (G,7r_) and (G*,7rl) into a dual pair of Poisson-Lie groups. Note that (G,7r_) and 
(G*,7rl) are Poisson-Lie subgroups of D. 

Notation 1.2. We abbreviate (G, 7r_) and (G*,7rL) by G_ and G* respectively. 

We can give an equivalent definition of the Poisson-Lie group G_ as follows. Let b+, b_ C g 
be a pair of opposite Borel subalgebras. If x* G n+ and x* G n_ are dual bases satisfying 
(xjjX-^) = 6ij, the canonical tensor 

1 j 

r = -2_^Xi Ax GgAg. 
i 

is called the standard r-matrix for g. The bivector 7r_ can be written as 

7r_ = — r^. 

Another Poisson structure on G crucial for the sequel is given by the bivector field 

7r+ = + r^. 

Unlike 7r_, 7r_|_ is not a multiplicative Poisson structure. Therefore while (G, 7r+) carries the 
structure of a Poisson variety, it is not a Poisson-Lie group. 

Notation 1.3. We abbreviate (G, 7r+) by G+. 
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Let wq he the longest element of the Weyl group of G. 

Lemma 1.4. (1) Inversion l: g g~^ is a Poisson automorphism of Gj^; 

(2) Conjugation a: g WQgwQ is an anti-Poisson automorphism of G-; 

(3) The following two maps G- —)■ G+ 

g i-A gwo and g i-A wog 

are respectively Poisson and anti-Poisson isomorphisms. 

Proof. Point 1) follows from the fact that = —x^ for any left invariant vector field x^ 
on G_|_. Points 2) and 3) follow from the identity cj(r) = —r. □ 

1.3. Poisson reductions of the double. Now let us consider the bivector field on D defined 
by 

= rjj 

with r£) given by (|1.2p . It defines on D the structure of a Poisson variety (but not a Poisson- 
Lie group.) 

Notation 1.5. In what follows we denote by Z1+. 

The Poisson variety 11+ is often referred to as the symplectic double of G. 

Proposition 1.6. [101 Lemma 6.3] Consider the projections 

hi-D — >D/Ga^G, (91,92) ^ 

T 2 -D — >Ga\D^G, ( 91 , 92 ) ^ gf^91- 

Then there exist unique Poisson struetures vr|, vr^ on G such that the maps 91 , 9.2 are Poisson. 
Moreover, the Poisson structures 7 r|, vr^ are sueh that the maps 

m-G*—> (G,9i('^i)), (b+,b-) b+bZ^, (1.3) 

92-. G* ^ (G, 92(^i)), (b+, b.) ^ bZ^b+ (1.4) 

are Poisson. 

Notation 1.7. In what follows we write (G, vr*) for (G, vrjj'). 

In what follows, we shall refer to 91 and 92 as moment maps. Indeed, it is immediate 
from the definitions that the action of Zl_ by left/right multiplication on Z1+ is Poisson. Let 
D' = 9 f (i?+i?_) and D" = 9 f (B-B^). Then we have the following well-known result (see, 
e.g. m Example 3.3]). 

Proposition 1.8. The action of Ga C I1_ on D' C Z1+ by left multiplication admits a 
group-valued moment map mi: D' — T)'jG a — G* such that 91 o mi = 91 . In a similar 
fashion, 92 arises from the moment map for the right action of Ga on D”. 

Now, consider the Poisson action of Ba C D- on 11+ by right multiplication. 

Proposition 1.9. m Proposition 4.2] The subvariety Q = {(gb,g) | 51 G G, 6 G C Z1+ 
is coisotropic in Z1+. The quotient Q/Ba is a Poisson subvariety of (D/Ba,4’(^d)) 'adhere 
(f: D — D/Ba is the natural projection. 
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We may identify Q with the direct product G x B via 

Qc^iGxB, [ 91 , 92 ) ^ {92,92^gi)- 
The i?A action on Q then reads 

[G X B) X B —G X B [[g,b),a) i- 7 > {ga,a~^ba). (1.5) 

We denote the i?-orbit through a point [g,b) by [g,b]. 

Corollary 1.10. The set X = G Xb B of B-orbits under the action (HSI) is a Poisson 
variety, with Poisson bivector it x = • 

Since the actions of Ga and Ba on by left and right multiplication respectively com¬ 
mute, the Poisson variety X carries a residual Poisson action of G- given by 

GxX — [9'A9,b]) ^ [9'9,b]- (1-6) 

In view of Proposition 11.81 we have 

Corollary 1.11. The action admits the following moment map 

fi: X — >G, [g,b]^gbg~^ (1.7) 

with Poisson bivectors ttx on the source and tt* on the target. 

Remark 1.12. The map (|1.7I1 was also shown in [ 8 ] to be the group-valued moment map in 
the sense of [T]. 

1.4. Grothendieck-Springer resolution. Let G = {{g,B') \ B' € B, g ^ B'} be the set of 
pairs consisting of a Borel subgroup B' <Z G and an element g €z B'. Equivalently, it may 
may be thought of as the set of pairs of a flag (preserved by B') and an element g preserving 
that flag. Since every element of G is contained in a Borel, and all Borels are conjugate under 
G, we have 

Proposition 1.13. The map 

w: X — >G, [g,b]^ [gbg~^,gBg~A (1-8) 

is an isomorphism of varieties. 

Let 

p: G—> G, {g,B')'-^g 

be the projection onto the first factor. Note that the following diagram commutes 

X^^G 

p 

G 

Definition 1.14. The projection p is called the Grothendieck-Springer (simultaneous) reso¬ 
lution. Throughout the paper we will refer to the moment map (II.7h by the same name. 

Consider the map a: G —77 defined by a{[g, 6]) = bN € B/N ~ H. Let (3 : G —)• H//W 
be the Chevalley restriction map, coming from the inclusion C[i7]'^ ~ C[G]^ C[G]. If 
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we let Greg denote the locus of regular elements of G, and write Greg = P ^(Greg), then the 
diagram 


G 


reg 


H 


(1.9) 


G 


■H//W 


reg 

is Cartesian. 

Corollary 1.15. There is an isomorphism of coordinate rings 

C[G] ~ C[X]^. (1.10) 

Proof. Since the regular locus Greg is of codimension 3 in G, we have C[Greg] = C[G] and 
C[Greg\ = C[G]. In view of (|1.9I) . we have an isomorphism 

c[x] ~ c[G] 

Taking Vh-invariants on both sides we obtain (jl.lOl) . □ 

1.5. Prom the standard Poisson structnre to its dual. Consider the homogeneous space 
G/H = {gH I g G G}. For any g G C G define [^Jq € H to he the image of g under 

the projection G —> N^\G/N_. Since Adj:f(r) = r, there is a unique Poisson tensor 
on G/H with the property that the projection G —>■ G/H is Poisson. 

Proposition 1.16. The map 

D'l G/H X H, ( 51 , 52 ) ^ ( 51 ^, [gf^gi]'o) 

is Poisson, where the Poisson structure on G/H x H is defined by the bivector (tt^^^jO). 

Proof. Let { 5 ^} be a basis for f) such that 2 {yi,yj) = 6ij. Then the bivectors r and rjy can 
be written as 

I" = ^ ^ Ea^ E-a 


oen+ 


and 


I’D = ^ -Vi) A (yi, yi) + ^ ^ {{Ea,0) A (P_a, P-a) + (0, -P_a) A (P„, P„)) 


i=l 


aGn+ 


respectively. Now it is clear that the bivector held maps to 7r_|_ under the projection onto 
the hrst factor ( 51 , 52 ) i->- 5i. 

Recall the moment map 

g2-D” — >G, {gi,g2) ^ gfi^gi¬ 
lt is easy to see that 52 = 0, 52 ((^>0)’^) = and 52 ((0,^:)^) = —x^. Therefore, 

/^2(vr+) = ^5^ A 5f+ + l ^ (P« A A . 


i=l 


«Gn+ 


oen4 


Further projection G —^ N+\G/N- maps E^ and Ef^ to 0, so 52 ( 71 ) 5 ) = Yll=iyt A yf- 
This bivector vanishes on the torus H which hnishes the proof. □ 
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Denote by G° the open cell C G. Any element g ^ G° admits unique decomposition 

g = [< 7 ]-[( 7 ] 0 ( 5 ]+ with € N± and [ 5 f]o € H. Now, consider the projection 

X^GjB, [g,b]^gB, 

and let X° be the preimage of G°. 

Proposition 1.17. The map 

'll;: Gl/H X H ^ X°, {u-U+H,t) {u-,u+t)B 

is an isomorphism of Poisson varieties. 

Proof. It is immediate that the inverse map is given by [< 7 , b]B 1 —>■ {gbH, [ 6 ]o)- It follows from 
Proposition 1 1.161 that the isomorphism if is Poisson. □ 

Proposition 1.18. The map 

r: G-/H xH —^ G+/H x H, {gH,t) ^ {gwoH,t). 
is an isomorphism of Poisson varieties. 

Proof. The bivector field 7r_ vanishes on H G G, and thus descends to G-/H. By Proposi¬ 
tion [Til the map G_ —G+ given hy g gwo is a Poisson isomorphism, which descends to 
a Poisson isomorphism G-/H ~ G+/H since wqH = Hwq. □ 

Corollary 1.19. Let °G = B-WqB- be the big Bruhat cell in G. Then the map 

°G-jH X H —(G,7r*) {gH,t) ^ gwot[gvJo]Z^ 

is Poisson and coincides with the composition fio-ip o t. 

We conclude this section with a few remarks on the isomorphism i/i. Note that every 
element of 5 G G/H can be uniquely written as g = U-U+H where u± € N±. Consider the 
free right action of H on B- x defined by 

(B_ xB+)xH — ^ (B_ X B+), ((6_,6+),t) ^ {b-t,t-^b+t) 

and denote by TL = (B_ x B^)/H the corresponding quotient. The following proposition 
shows that the isomorphism if factors through TL. The proofs are immediate since each map 
has a well-defined inverse. 

Proposition 1.20. We have isomorphisms 

G°/H xH ^n, {u-U+H, t) ^ {u-,u+t)H, 

n^X°, {b-,b+)H e^[b-,b+]B. 

In particular, TL is endowed with the structure of a Poisson variety. 

2. A SHORT GUIDE TO THE REST OF THE PAPER 

In order to help the reader keep track of various quantum algebras that we use in the sequel, 
as well as their relation with the Poisson geometry outlined in Section 1, we provide here 
a brief phrase-book. The quantum algebras appearing in the table below may be regarded 
as quantizations of the algebras of global functions on the corresponding Poisson varieties. 
In general, the entries of the right column are associative algebras, and carry the further 
structure of a Hopf algebra if their underlying Poisson variety is a Poisson-Lie group. 
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Poisson varieties 

Quantum algebras 

G 


G+ 


n 


X 

Cq[X] 

G* 

Uq{Q) 

G* 

FliU)^^Oq[G] 


The quantum algebras in the table above appear in the following order. In section 13.21 
we introduce the quantum group Uq{Q). Its Hopf dual Oq[G] is recalled in Sections 13.31 
and 13.61 Section [3771 explains relation between Oq[G] and quantum Borel subalgebras Uq{b±). 
In Section [ 3 ] 8 ] we introduce the ad-integrable part Fi{U) of the quantum group Uq{Q) and 
explain its relation to the quantum coordinate ring. Section 13.91 is devoted to the Heisenberg 
double T-iq of the quantum Borel subalgebra. The quantum analogue Cg[X] of the coordinate 
ring of the Grothendieck-Springer resolution is constructed and studied in Section |4l Finally, 
the ii-twisted quantum coordinate ring ^Oq[G] appears in Section [H At the quantum level, 
our construction is based on the interplay between the algebras Oq[G], ^Oq[G], and ^Oq[G\, 
which are all modelled on the same underlying vector space, but carry different associative 
algebra structure. Of these three algebras, only Og[G] is a Hopf algebra. This is completely 
parallel to the Poisson geometric picture, where we have three Poisson structures G_, G+, 
and G* on the same underlying variety G, with only G_ being a Poisson-Lie group. 

We summarize the various maps we construct between these quantum algebras in the 
diagram below: 



Let us remark that the maps ^ and C are in fact restrictions of maps ^ and C, defined on 
Fi{U) (S>z Go, the extension of Fi{U) over its Harish-Chandra center Z, see Section 14.41 
Finally, the map can be extended to a map Uq{Q) / H] ® T', where the 

algebra Oq[G'^°’'^° / H] ® T' is obtained from Oq[G^°’'^°/H] ®Thy adjoining certain square 
roots, see Section [71 


3. Preliminaries on quantum groups 

In this section, we recall the definitions and various well-known properties of the quantum 
groups that will be used extensively in the sequel. Our conventions match those of of |20j . 
We refer the reader to [281 [20l [22] for further details and proofs of many of the results in this 
section. 

3.1. Conventions. In what follows, g will denote a finite-dimensional complex simple Lie 
algebra of rank r, equipped with a choice of Cartan subalgebra i) and a set of simple roots 
{oi,..., Or}. We write P, Q for the weight and root lattices associated to the corresponding 
root system H, and denote the fundamental weights by a;i,..., ujr- Denote by (•, •) the unique 
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symmetric bilinear form on [)* invariant under the Weyl group W, such that (a, a) = 2 for 
all short roots a G II. Let k = be the field of rational functions in a formal variable 

, where € N is such that ^(A,/x) G for any pair of weights If A is a 

Hopf algebra, we denote by A°p the Hopf algebra with the opposite multiplication to A, and 
denote by A^°p the Hopf algebra with the opposite comultiplication to A. We will use the 
Sweedler notation 

A(a) = ^ ai (8) 02 

to express coproducts. Throughout the paper, all modules for the quantum group Uq{Q) are 
assumed to be of type I. 

3.2. Quantized enveloping algebras. The (simply-connected) quantized universal en¬ 
veloping algebra U Lg(g) is the A:-algebra generated by elements 

{Ei,Fi,K^ I i = 1,... ,r, A G P} 

subject to the relations 

K^Ei = 

K^Ei = [E,,Ej] = . 

Qi-Qi 

together with the quantum Serre relations (see m, p.53). In the relations above we have set 
Ki and qi = algebra U is a Hopf algebra, with the comultiplication 

A{K^) = ^K\ A{Ei) = Ei^l + Ki^Ei, A{Ei) = Fi 0 + 1 ® Fi 

the antipode 

S{K^) = K-\ S{Ei) = -K-^E„ S{F,) = -FiK, 

and the counit 

e{K^) = 1, e{Ei) = 0, e(P,) = 0. 

Let [/>o denote the subalgebra of U generated by all Ei, and U<o denote the subalgebra 
generated by all K^,Fi. We also write Uq for the subalgebra generated by K^, X € P. The 
algebras C/>o, U<o, Uq are Hopf subalgebras in U. Recall that ([/<o)'^°^ stands for the co¬ 
opposite Hopf algebra to U<o. There is a non-degenerate Hopf pairing 

(•,•): H>o X (t/<o)“^^ A: (3.1) 

defined by 

{K\K^) = q-<^^’^\ {K\E,)=0={K\Fi), {Ei,Fj) = - 

fli-Qi 

Let and U~ denote the subalgebras generated by all Ei and by all Fi respectively. 
Then the quantum group U admits a triangular decomposition: the natural multiplication 
map defines an isomorphism of C(g)-modules 

0 Ho ® P" —>U (3.2) 

The algebra U is graded by the root lattice Q. Indeed, setting 

U^ = {u€U\ K^u = 


(3.3) 
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we have U = U^- If we set fl Uy and Uy = U r\Uy, then the pairing (|3.ip 

has the orthogonality property 

{U+,UZ^) = 0 if /i/u. (3.4) 

Remark 3.1. The Hopf algebra U can be described as a quotient of the Drinfeld double of 
the dual pair {U>o,U^q), which in particular implies the relation 

xy = {xi,yi){x 3 ,Sy 3 )y 2 X 2 for all x€U>o,y€U<o. (3.5) 

3.3. Quantized coordinate rings. Let G be the connected, simply connected algebraic 
group with Lie algebra g. The quantized algebra of functions on G, which we denote by 
Oq[G], is defined to be the Hopf algebra of matrix elements of finite-dimensional [/-modules. 
For a finite-dimensional [/-module V of highest weight A and a pair of elements v £ V and 
f £ V* we denote the corresponding matrix element by or simply by Cf^y when it does 
not cause ambiguity. By construction, there is a Hopf pairing 

{{■,■))-. Oq[G]®U (3.6) 

defined by evaluation of matrix elements against elements of U . Pairing (13.6p is non¬ 
degenerate, since no non-zero element of U acts as zero in all finite-dimensional represen¬ 
tations po] . 

The algebra Oq [G] is a left U 0 [/'^“^ module algebra via the left and right coregular actions 
{{x 0 y) o 'ip){u) = 'ip{Syux) where x,u £ U, y £ [/“^, 'll; £ Oq[G]. (3.7) 
As a [/ 0 [/“^-module, Oq[G] admits the Peter-Weyl decomposition 

Oq[G]= 0 L(A)*0L(A) 

AgP+ 

where L{\) is the finite-dimensional [/-module of highest weight A, and L(A)* is its dual. 
The algebra Oq[G] is graded by two copies of the weight lattice P as follows 

Oq[G] = 0 Oq[G],,, 

A,/ieP 

where 

Og[G]x,^ = {i;£ Oq[G] I (iL" 0 KP)i; = 

If P is a representation of U and v £ V satisfies K^v = for all X £ P, we say that v 

is a weight vector of weight jj., and write wt(u) = /r. The subspace Oq[G]x^ij_ is spanned by 
matrix elements Cf^y with wt(/) = A, wt(u) = /r. Note that S{Oq[G]x,^) = Oq[G]^^x and for 
Xy £Uy, ilix,/, £ Oq[G]x,i, we have 

1p\,fj.{Xy) ^ 0 u + X + n = 0 

Moreover, if -0 G Oq[G]x,^ its coproduct takes the form 

Mi’) = X] ® where V’a,/? G Oq[G]a,i3- 


U 
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3.4. Quantum Weyl group. Let U be the completion of U with respect to the weak topol¬ 
ogy generated by all matrix elements of finite-dimensional [/-modules (see [241 Section 3]). 
As an algebra U, is isomorphic to nAGP+ Endc(q)L(A). We will also regard an element u & U 
as a functional on Oq[G] via the evaluation pairing {{cf^y,u)) = f{uv). 

Definition 3.2. [28] Define an element Tj of U which acts on any weight vector v by 

Tiiv) = ^ 

a,b,c >0 

a—b-\-c= (wt(D),Qi) 

By [281 Theorem 39.4.3], the elements Tj generate an action of the braid group on any 
finite-dimensional [/-module. The subalgebra of U generated by U together with the Tj 
is often referred to as the quantum Weyl group, and it is known |25| to in fact be a Hopf 
algebra. Moreover, let wq be the longest element of the Weyl group, and w = Si-^ ... Si^, any 
of its reduced decompositions into simple reflections. Then the element defined by 

Twq — 2^*1 • • • (3.8) 

is independent of the choice of reduced expression for wq. 


3.5. Quantum minors. We now recall the definition of certain elements of Oq\G] that will 
prove useful in the sequel. For each dominant weight A € P~^, we fix a highest weight vector 
v\ € L{\). Then, as in [24], we define the corresponding lowest weight vectors € L(A) 

by 

Proposition 3.3. [Ml Comment 5.10] The vectors ua,u^o(a) satisfy 
For each A € P~^, there is a unique pairing 


(-, -)a : L{-wo{X)) (g) L{\) —^ k 


satisfying conditions 


(u_a,ua)a = 1 and {xw,v)^ = {w, Sxv) 

for all a; € [/, u G L(A), and w € L{—wq[X)). The following definition coincides with the one 
given in [6]. 


Definition 3.4. The quantum principal minor is the element of Oq[G] whose value on 
any a: G [/ is given by 

A^(x) = {v-x,xvx)y 

Given {u,v) € W x W we choose reduced decompositions u = s^ - ■ ■ sq and v = Sj^, ■ ■ ■ sq 
and set 


iT'k {sii ■ ■ ■ (ciq)) '^)) 
Then the quantum minor A^ ^ is defined by 


rrik = (sii •••sq_i(a)^J,A). 


Kvix) = A^ 


/ p(^l) ^ 77'(^l)'\ 

‘ ^^jif * * * ^31 ) 


where stands for the n-th g-divided power of a. 
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3.6. Og[G] as a co-quasitriangular Hopf algebra. Write Qi, for the canonical element in 
(8) U~ with respect to the pairing [3.II If V, W are two finite-dimensional representations 
of U, then the action of the formal sum 0 = YIugq defined in the tensor product 

V . Let fv^w be the operator \nV ®W defined by 

for any weight vectors v,w € V,W. Then define Rvw to be the following operator inV 

Rvw{v ® w) = Q o fvw 

The operator R gives rise to a bilinear form r: Oq[G] x Oq[G] —k defined by 
r{cf^y,Cg^u,) = if ® g)iRvw{v 

a 

The form r equips Oq[G] with the structure of a co-quasitriangular Hopf algebra [221 125] . 
This means that, for all triples 4>,if,p ^ Oq[G], we have 

V’l)(/>2V’2 = (3.9) 

riH, p) = ri(t>, Pi)r('!/>, P 2 ), (3.10) 

ripAip) = ripi,if)r{p2,(t>)- (3-11) 

As the following Proposition shows, the form r is closely related to the longest element Twq 
of the quantum Weyl group. 


Proposition 3.5. [251124| Let G be the element of U defined by 

— q{wt{v),p)-{wt{v),wt{v))/2y 

where p is the half-sum of positive roots. Then setting 


Y = GTyyq, 

we have the following equality in Oq\G]* 0 Oq[G]* 

r = (y-i 0F-i)A(y). 

3.7. /-operators. Let Oq[G\* be the full linear dual of Oq[G], and define maps 

/±, Oq[G]^Oq[G]* 


l+{(j)) = r(-,0), 

'/-((^) = r((/),-), 


'/+(<))) =r(.,,S-V), 
/-(</-) = r( 5 </-,-). 


(3.12) 

(3.13) 


Lemma 3.6. [23l Lemma 1.4] The maps l^ : Oq[G] —)• Oq[G]* are anti-homomorphisms of 
algebras, while the maps 'l^ are homomorphisms of algebras. Additionally, we have 

/+,'/+: Oq[G] U>o, Oq[G] U<o 

with explicit formulas given by 

i^icf,y) = Y,fie.^v)e^K-'^^^^^ 

a 

’ricf,y) = '£fi&av)e.^K-'^^^-^ 
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We also have 

Lemma 3.7. Let A, Su denote the coproduct and antipode in U. Then 

= Suol^ 

and 

A o l^{^) = l^{(j)i) 0 l^{(j)2), 

Proof. These identities follow directly from the properties (13.101) . (13. lip of r, together with 
the non-degeneracy of the Hopf pairing between U and Oq[G]. □ 

We will make frequent use of the following lemma relating the universal r-form to the Hopf 
pairing m- 

Lemma 3.8. Let (•,•) be the pairing dSI]) of U>o with U<o. Then 

(/+((/>), 'r(V')) = 

Proof. We verify the claim for any pair of matrix elements Cf^^,Cg^w € Oq[G]. Let us expand 
0 = Yfi 0+i ® where (0+i, 0-j) = dij. Then using the relation 

from [20l 6.13] we compute 

ij 

i 

□ 

3.8. The ad-integrable part of U. Consider the left (right) adjoint actions ad; (respec¬ 
tively, adr-) of Lf on itself defined by 

ad/(x)(i/) = xiySx 2 (3.14) 

adr{x){y) = Sxiyx 2 (3.15) 

Definition 3.9. The left ad-integrable part of U is defined as the subset 

Fi{U) = {x G [/ I dimadz(t/)x < oo} 

Similarly, the right ad-integrable part of Lf is defined as the subset 

Fr{Lf) = {x G 17 I dimadr(17)x < oo} 

Proposition 3.10. [22] The ad-integrable parts Fi{U), F^fU) are subalgebras in U. More¬ 
over, they are left and right coideals respectively: 

A{Fi{U)) C 17 0 Fi{U), A{Fr{U)) C Fr{U) 0 U. 

Now consider the maps 

7: OJG] ^ 17>o0t/<o, /=(l+ 0 'r)oA (3.16) 


and 


J = mo I 


( 3 . 17 ) 
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where 

m : U>o ® U<Q —> U, u+ ® u- ^ u+u- 

is the multiplication in U. Note also that the action ()3.15p induces a coadjoint action 
ad* : U 0 Oq[G] —^ Oq[G] given by 

(ad;!(x)(V'),y) = (V’,5'(xi)yx2), x,y eU, ijj G Oq[G]. (3.18) 

The following theorem was proven by Joseph and Letzter in [21] , building on results of Caldero 

M- 

Theorem 3.11. [2T] The map J is an injection of U-modules, with respect to the ac¬ 
tion ()3.14p on U and the action (j3.18p on Oq[G]. Its image is 

Fi{U) = 0 {adiU){K-^^) (3.19) 

AeP+ 

Since S{Fi{U)) = Fr{U), the theorem implies that the map 

J' = So, J-. Oq[G] Fr{U) 

is also an isomorphism of ^/-modules. Indeed, for all x gU, 4> G Oq[G] we have 

X2J'{4>)S~^xi = J'{ad*{S~^x)4>) (3.20) 

Despite being a morphism of t/-modules, the map J is not a morphism of algebras. However, 
as explained in [23] , one can equip Oq [G] with a twisted algebra structure so that J becomes 
an algebra homomorphism: 

Proposition 3.12. The following formula defines an associative product •p in Oq[G] 

(j)%pf) = r{4>i,ip2)ri4>3,Sipi)<p2'f’3 
= r{4>2,'f’3)ri4>3, Sipi)fj24>i 

If we write ^Oq[G] for the algebra obtained by equipping Oq[G] with the product •p, then the 
map J: ^Oq[G] —)• Fi{U) is an isomorphism of U-module algebras. 

Similarly, the map J' is an isomorphism of algebras (^Oq[G])°^ ~ Fr{U). 

3.9. The Heisenberg double of f7>o. We define the Heisenberg double of U>o to be the 
smash product TLq = U>offU<o of the dual pair of Hopf algebras U>o and with respect 
to the pairing (|3.ip . The product in Hg can be written explicitly as 

{affx){bify) = {b 2 ,X 2 )abi 0 xiy 

Let us make a few remarks on the structure of Hq that will prove useful in the sequel. 
Consider the torus 

T = C/q 0 C/q C TLq 

and the following three subtori 

T+ = t/o 0 1, T_ = 1 0 Ho, and Tc = (1 0 S') o A(Ho). 

The Heisenberg double TLq has the following T_-module algebra structure 

(1 0 K^) o (a#x) = (l#iL^)(a#x)(l#iL-^) = {K^,a 2 )aiffK^xK-^ . 

It also admits a T+-module algebra structure given by 

{K^ 0 1) o (o#x) = {K^,xi)affx 2 
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Since the actions of T+ and r_ commute, we may combine them into an action of T on Tiq. 
Using the grading (|3.3p . the restriction of this T-action to the subalgebras T_ and Tc can be 
computed explicitly as 

(1 ® KP) o 

{RP ® R-P) o {x,R^#y^RP) = q^P’^-^-p'^x,R^#yaRP 

for any x^, € and ya G U~. Therefore, we have 

Proposition 3.13. The T_ invariants in Tiq coincide with the subalgebra 

= 0 

1'&Q+ 

the invariants coincide with the subalgebra 

= 0 C/+K^#C/r^iG^+^, (3.21) 

AeP, U&Q+ 

and the T-invariants coincide with the subalgebra 

< = 0 U+R-''#UZ,. 

AgP, V&Q+ 

T_ 

Note that, the subalgebra of T_ invariants TLq commute with the subalgebra l#r. Hence 
we obtain 

Corollary 3.14. Multiplication in Tiq yields an algebra isomorphism 

^ TLI~ , (a#x) ® ^ a#xRP. 

Remark 3.15. The torus T(H) is naturally embedded into the Drinfeld double of the dual 
pair (U>o,U^q). The action of T used in this section arises from the action of the Drinfeld 
double on the Heisenberg double considered in m- 

The following formula defines an action of Tiq on U>q 

(a#x) o 6 = (x, 62 ) 0^1 (3.22) 

where a^x G TLq and b G U>o. We have the following lemma regarding the restriction of this 
action to the subalgebra TL^~ C TLq. 

T 

Lemma 3.16. As TLq~-modules, we have 

U>o = 0 U^R^ 

AGP 

T 

Proof. It suffices to check that R~^^y-y G TLq~ preserves U^R^. This follows from the 
orthogonality property (13.4p of the pairing (•, •) and the fact that given x G C/^, its coproduct 
can be expanded as 

A(x) = ^ Xa-gR^ ® xg 
h 


where xg G and Xa-ji G 


□ 
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4. Quantum Grothendieck-Springer resolution 

In this section, we describe an analog of the Grothendieck-Springer map (ll.7p at the level 
of quantum groups. 

4.1. Quantum differential operators on G. Following [331 [3]. we define the ring T>q of 
quantum differential operators on G, to be the smash product algebra 

Vq = Oq[G]°P#U^P. 

The multiplication in Dq is given by the formula 

• V’#'!’ = '4^2{u2)i^l4’#UlV 

Since Fr{U) is a right coideal, the algebra Vq contains a subalgebra 

V^q^^ = Oq[G]°P#Fr{U). (4.1) 

We can parameterize 'Dq^"' using the algebra isomorphism J': Oq[G])°^ —> Fr{U). Under 

this identification, one checks that product in 'Dq^'^ becomes 

= r(S'"V3, V’2 )t(S’“ViS’“V3V’3, S~^pi)'il)i(t)#j'{v2P2)- (4.2) 

4.2. Construction of Cg[X]. We are now ready to describe our construction of Cg[X], the 
quantized algebra of global functions on the Grothendieck-Springer resolution. The idea is 
to obtain Cq[X] as the quantum hamiltonian reduction of Vq under an appropriate action 
of t/>o, analogously to the construction of X as the quotient of the coisotropic subvariety 
Q C D+ by the Poisson action of i?A in Proposition 11.91 

Remark 4.1. Philosophically, the construction of Cg[X] presented in this section is very 
similar to the one of global sections of the sheaf of quantum differential operators in [ 311 ]. 
However, there appear to be some technical differences between the two constructions, so we 
provide independent proofs of the results we shall use. 

For the reader’s convenience, we briefly recall the notion of quantum Hamiltonian re¬ 
duction. Suppose that R is a Hopf algebra, A is an associative algebra, p,\ H —> H is a 
homomorphism of associative algebras, and / is a 2-sided ideal in H preserved by the left 
adjoint action of H. Then by the ad-invariance of I, the action of FI on H defined by the 
formula 

ho a = p,{hi)ap{Sh 2 ) 

descends to an action of H on the H-module A/AiJ,{I). The quantum Hamiltonian reduction of 
A by the quantum moment map p: H A at the ideal I is defined as the set of FF-invariants 

{A/Ap{I))^ = {a € A/Ap{I) \ ho a = e{h)a for all h € FF} 

which one checks inherits a well-defined associative algebra structure from that of A. 

In order to obtain Cq[Ff] as quantum hamiltonian reduction of the ring Vq, the above 
construction requires some technical modifications which we shall now explain. Consider the 
algebra embedding of U into Vq = given by 

fi: U — Vq, u I—^ l#n. 

Regarding this algebra embedding as a quantum moment map, one obtains the following 
[/'’’“^’-module algebra structure on Vq 

XO {(l)#u) = (1#X2)((/)#u)(1#5'“^Xi) = (f)2{x3)4'l#X2uS~^Xi. 


(4.3) 
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This action preserves the subalgebra Pq*"' C Vq defined in (|4.ip . and restricts to U>o C U as 
follows 

X O (j)#j'{p) = {S~^piS~‘^P3(j)2){x)(j)i#j'{p2) (4.4) 

where x € U and 

Consider now the C(( 7 )-linear map 

p/- ^ Oqicrp 0 U>0, 4>*J'{p) ^ ct>#'l-{S-^p) 

and denote by T the kernel of this map. 

Proposition 4.2. X is a left ideal in Pq*"', and X is preserved by the action (14.3p ofU>Q. 
Proof. Consider 0,1/’ € Oq[G] so that 'l~{(j>) = 0. Then for all p G Oq[G] we have 

('r (0 •f 0), /?) = r(02,03)r(03, S’0l)r(0201, p) = r(02,03)?’(03, S’0l)r(02, Pl)l’(01, P 2 ) 

= r(0,S’0l03P2)l’(02,Pl) = ('r(0),S’0l03P2)?’(02,Pl) = 0 

which implies 'l~{4> •f 0) = 0. Hence the assertion that X is a left ideal follows from for¬ 
mula (14.2|) for the product in Pq*”. 

Let us now show that X is preserved under the action (14.3p of U>o. By formula (j3.20p 
it suffices to show that for all x G P>o and 0 G Oq[G] such that = 0, we have 

'/“(ad*(S'“^x)0) = 0. Since l~^ is surjective, we may write x = l^{v) for some v G Oq[G]. 
Then for all p G Oq[G], we get 

{r{ad*{S~‘^x)(j)),p) = 03(5'“^X2)0i(5'“^xi)('r(02),p) 

= r(03,S'^P2)i’(0i,5'Fi)r(02,T/) = r(0, 5^F2 T/S'pi) = 0 

which shows that 0“(ad*(S'“^x)0) = 0, completing the proof. 

□ 

It follows from Proposition 14.21 that the action (14.3p descends to a well-defined action on 
the quotient Pq*"'/P. We now define Cq[X] to be the set of P>o-invariants in Pq*”'/P with 
respect to action (|4.3p 

Cq[X] = 

Proposition 4.3. The formula 

{z + X) ■ {w + X) = zw + X, z + X, w + X ^ Cq[X] (4.5) 

equips Cq[X] with a well-defined associative product. 

Proof. First, let us verify that (14.5p provides a well-defined map Cq[X]®^ ^ Pq*"'/P. All we 
must check is that P is a two-sided ideal in Pq*”. It suffices to show that given a P>o-invariant 
z -\-X £ Cq[X] and an element f G Oq[G] satisfying '1~{f) = 0 we have {lffJ'{v)) • z G P. 

Let z = X]fc0^#P0p^), then the P>o-invariance of z is equivalent to the condition that 
for all 0 G Oq[G], we have 

(id®'r)6+(0)o ("^0"#/^^ =^r(5-Vi5-V302,0)0i#'^-(P2) 

k 


(4.6) 
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So by (14.21) and the invariance condition (14.61) . we get 

(id(8)'r)(l#J'(i/)) ■{z+X) = {pIv 2 ) 

k 

= '^r{S~'^V2,(t)2)4>i0~ {P^^i) 

k 

This implies that for all p € Oq[G], we have 

((id(8)'r)(l#J'(u) • z), id (8)7?) = '^r{S~^V 2 ,(t> 2 )(l~ 

k 

= '^r{iJ2,S(p2)r{p^iyi,p)(j)i = ^r(u2,5’())^)r(/,r?i)r(ui,T?2)())i 
k k 

= r(u, S(j)^p 2 )r{p'', 7?i)(/>i = 0 
k 

where = 0 is used in the last equality. Thus, (l#J'(u)) ■ z £Z as claimed. 

To complete the proof that (14.51) is a well-defined product on Cg[X], we must check that 

z+ Z, w+X ^ <C.q[X] implies zw + Z^Cq[X]. 

Indeed, since ()4.3p defines on T)q the structure of a C/'^^^’-module algebra, it follows from the 
first part of the proof that 

a o (zw + Z) = ao [zw) + Z = (02 o z){ai ow)+Z= ( 6 ( 02)2 + X)(e(ai)7c -|- Z) = e{a)zw + Z 
which completes the verification that Cg[X] is an algebra. 

□ 

Since 'l~: Oq[G] U<o is surjective, we have an identification of C(g)-modules 

^ Oq[Gr 0 U< 0 , W'{p) ^ ct>#'l-{S-\p)) ( 4 . 7 ) 

Proposition 4.4. The algebra structure of Cq[X] = {Oq[G]°P is given by 

{f)#x) ■ = f^2ix2)f^if)#xiy (4.8) 

Thus Cg[X] may be regarded as a subalgebra in the smash product Oq[G]°PffU^Q C T>q. 

Proof. Choose elements p, u € Ctq[G] so that 'l~{S~^p) = x, and 'l~{S~^i^) = y. The f7>o 
invariance condition ()4.6p for +Z implies 

(id(8)'r o S~^) [{(t)ffj'{p)) ■ (V)#j'(u))) = r(5'"V2,V’2)V’i<('#'^"(5'“^(upi)) 

= if2i!l~{S~^P2)fJi(t>if'l~{S~^pi)'l~{S~^v) = 'ip2{x2)'4^i4>4fxiy. 

□ 

Corollary 4.5. The map 

l+^id: {Oq[Gr 0 U<of^° ~ C,[X] ^ Tiq (4.9) 


is a homomorphism of algebras. 
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Proof. Suppose that € Cq[X] with x = 'l {p). Then 

= {x2,l^i'ip)2)l^i^)l^i'il’i)#xiy = {X2,l^i^)2)l^{(p)l^i4’i)#xiy 

= = r{pi,'ip2)l^ {'ipi(t))#'r {P2)y 

= ip2{'l~ipi))l^{'ipi(l2Wl~{p2)y = 'Ip2{x2)l^{'Ipi(l))#xiy = (/+ (g) id)(((/)#x) ■ {^p#y)). 

□ 

4.3. Construction of the resolution. Consider the map 

^0,[G] ^ S-^cP3cPM2 

Proposition 4.6. One has Q{^Og[G]) C , where U acts via (|4.3I) . 

Proof. Let x €U and (p G ^Oq[G]. Then by (14.4h we get 

XO Q{(j>) = {S~^(j)3S~'^4)5S~^(f)6(j)2){x) 5"V7(/>i#</>4 = €{x)S~^4>34>i#(j)i = e{x)0{(j)). 

□ 

Corollary 4.7. The image of the natural map f: ^Oq[G] —>■ Pq*”'/T obtained by composing 
g with the quotient projection is contained in Cg[X] = ^ . 

Identifying Cg[X] with Og[G]°PffU>o via ()4.7I) . we get 

= 5-V3</'i#'r (5-^2) 

Theorem 4.8. The map f: ^Oq[G] —> Cg[X] is a homomorphism of algebras. 

Proof. We have 

C{(j) •f Ip) = r{(l) 2 ,'f’ 3 )ri(l) 3 , Sf;i)^{'ip 2 (pi) 

= ri4)4,'p5)ri4>5, S'lpl)S~^{(p3)S~^{'lp4:)f^24>lif'l~ iS~'^i'llj3(p2)) 

= 7-(03,V’4)7’(S’“V5,V’l)5'"H'05)5'"n</>4)V’2'^l#'/”(5’“^(V'302)) 

= 7-(03,V’4)7’(S’“V4,'02)5'"^('05)V’i5'“^((/>5)<^1#'^"(5’“^(V'302))- 
On the other hand, using formula (14.8p for the product in Cq[X] we have 

acp) • = s-V30i#'r(5-^2) • 5-V3V’i#'r( 5 -V 2 ) 

= {S-Hf^A)f^2/l-{S-^p3))S-^^P5i^lS-\P^)<Plff'l-{S-^{f;3(p2)) 

= riS-^P3, S-\^P^)i>2)S-^^P5p^iS-\p^)<Piff'l-iS-\f;3h)) 

= ri(f)3,i’4)riS~'^(p4,'p2)S~'^i'lp5)'PlS~^i(f)5)4>lif'l~{S~^i'llj3p2)) 

= f.{4>*F i>)- 

□ 

Precomposing with the isomorphism J~^: Fi{U) ^Oq[G] defined in (|3.17p we obtain 
Corollary 4.9. The map 

1. FliU) ^ Cq[X], f = foJ-^ 
is a homomorphism of algebras. 
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4.4. Restriction of ^ to the center of U. The homomorphism ^ bears an interesting 
relation to the center Z of U. This center can be described in several ways. Firstly, we have 
the quantum Harish-Chandra map i?: U — Uq, which is defined in terms of the triangular 
decomposition (|3.2I) of U: 

■i?: ~ C/>o <SiUo 0 [/<o — Uo, a^t^x i —> e(a)e(x)t 

Tthe restriction of to Z C 17 is an injective algebra homomorphism m- To describe its 
image, let 



06114- 


be the half-sum of positive roots, and consider the C(g)-algebra automorphism k: Uq — > Uq 
defined by 

k{K^) = 

The Weyl group W acts on Uq by 

wK^ = 

and we denote by its fixed point subalgebra. Finally, we write 

C/0,e.en = 077^^ (4.10) 

A6P 

We have the following quantum analog of Harish-Chandra’s theorem: 

Proposition 4 . 10 . [201 Chapter 6] The map i?: Z —)■ is an isomorphism of 

algebras. 

On the other hand, we have Z = Fi{U)^, and this subalgebra of invariants may be described 
explicitly in terms of the Joseph-Letzter decomposition (|3.19p of F)(t7). Indeed, the map J 
yields an identification of Z with the space of matrix elements 

Oq[G^ = {(^ € Oq{G\ I (l){Suivu2) = e(tt)(^(u) for all n,u G 17} (4-11) 

Note that by the ad(17o)-invariance, we have Oq[G]^ C 0a6p Clq[G]_A,A- 

Proposition 4 . 11 . Suppose that (p G Oq[G]^ . Then 

^((/)) = l#'r(5-V) (4.12) 

Proof. Using the invariance condition (14. lip , we obtain 

S~^4>2,U‘^v) = 4>3{S~^Ui)4>i{u2)4>2{S~^v) = 4>{u2S~^vS~^Ui) 

= e{u)(l){S~^v) 

for all u,v G U. By the nondegenerate of the evaluation pairing between U and Oq[G], we 
conclude that the equality 

S-\h)(Pi^S-\(P2) = l^S-\cj)) 

holds in Oq[G]®‘^, and the result follows. □ 

The restriction of ^ to Z C Fi{U) is closely related to the quantum Harish-Chandra 
homomorphism. Indeed, note that for cp = (pj G Oq[G]^ with (pj G Oq[G]-x.^\., we have 

C{(P) = ^e{cP,){l#K^^) 
j 
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On the other hand, if (/> € Oq[G]^, we have 

(t?o J)(0) = 


-2A, 


Introducing the embedding 

v.l#Uo^Uo, ^ 

we have established 

Proposition 4.12. The Harish-Chandra map i? may he written as 

■d = V o ^ 


(4.13) 


For A € let L[X) be the finite-dimensional simple U module with highest weight A, 
and let G ^q[G] be its character. Define functionals 

= x^{uKP) 

where p is the half-sum of positive roots. 

Lemma 4 . 13 . The functionals r'*' are elements of Oq[G]^. 

Proof. The [/-invariance of follows from cyclicity of the trace together with the fact that 
S^{u) = K-PuRP for all u € [/. □ 

Observe that 

^(r^) = qM dimL{\)PKP = k(^Y dimL(A)^P:^) 

AteP /iSP 

so that ° coincides with the formal character of T(A). 

Corollary 4 . 14 . The restriction of to Z gives an isomorphism of algebras f,: Z —^ f^iU ^) 

Proof. The orbit sums {m(A) = I ^ ^ C(g')-basis for [/q^, and the 

set of formal characters I ^ is triangular with respect this basis under 

the dominance order on . □ 

Using the homomorphism Z ^ we may regard Uq as a Z-module. Then, in view 

of Proposition 15.61 in the following section, we have 

Corollary 4 . 15 . The map ^ extends to an embedding of algebras 

f:Fi{U)^zUo —;>C,[X], n0ti— yC{u)t 

Based on the isomorphism (|l.lll) in the classical picture, we make the following 

Conjecture 4 . 16 . The map Fi{U) Z)z Uq —)■ Cq[X] is an algebra isomorphism. 


5. Embedding Fi { U ) into the Heisenberg double TLq . 

Composing maps with the algebra homomorphism from Corollary 14.51 we obtain 
Proposition 5.1. The maps 

C:^Oq[G]^nq, 

C: Fi { U ) Hq , 


are homomorphisms of algebras. 


C = Co^-' 


(5.1) 

(5.2) 
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T_ 

Proposition 5.2. The image of C is eontained in the subalgebra Tiq of T- invariants. 
Proof. Suppose that if € Oq[G]x,^. Then we may expand 

with 'ilJa,p G C)q[G\a^ 0 . Note that 

^ V’—i^2,mV’a,i'i £ ^q[G^]A+^,!^i—^'2 and S if—^1/2 € Oq\G^i/2^—ui 
and recall that if a, /six p) is non-zero only p + a + fd = Therefore we have 

C(lA)= (5-V-.2,MV’A,vi)(0-a)0aiii-"^+"^#(5-V-.i,.2)(0/3)0-/3^-"^ 

ui,U 2 ,a,P 

= ^{S~^lfui-0,p'lf\,Ul){&-X-p-0){S~^lfiyi,iyi-0){Q0)Q\+p+pK~^#Q-pK~'^^ 

1^1,0 

T 

which implies Cif’) € 'Hq~. □ 

Recall the defining representation (|3.22p of TLq on 17>o. Pulling this representation back 
under the algebra homomorphism (j5.2|) . we obtain an action of the algebra Fi[U) on U>q. 
In studying this representation, it will be convenient to describe I7>o by means of the sur¬ 
jective homomorphism : Oq[G] —>■ C/>o- The following formula is easily deduced from the 
formula (j5.ip for (, the coquasitriangularity of r, and Lemma [T8l 

Lemma 5.3. The action of J{if) € Fi{U) on l^iip) G U>o induced by tf is given by 

J{lf) ■ l'^{p) = r{S~^lf3, (pi) l~^{S~^lf2P2'(fl) 

Since (f{^Oq\G]) C Ti^~, it follows from Lemma fS. 161 that the space [/>o decomposes as an 
Fi{U)-module as 

U>o = 0 U+K^ (5.3) 

AeP 

We will now identify the T)([/)-modules U^K^. Recall the definition of the contragredient 
Verma module M{p)'^ for U. Let be the one-dimensional [/>o-module with basis Wp and 
f7>o-module structure defined by 

a-Wp = {a,K^), 

which is a slight abuse of notation for p ^ P. Regard U as a t/>o module via the action 
a ■ u = uS{a). Then 

M{p)^ = Romu^q{U,Cp) 

where Homf/,^^ denotes the restricted (graded) Horn of 17>o-modules. The action of U on 
M{p)^ is then given by 

(n • (f){v) = (f{Suv). 

Note that because of the triangular decomposition of U, elements of M{p)^ are uniquely 
determined by their values on U<o C U. 

Proposition 5.4. The Fi{U)-module in the decomposition (|5.3p is isomorphic to the 

restriction to Fi{U) of the contragredient Verma module M(A/2)^. 
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Proof. Given a € U~^K^, define an element cj)a G M(A/2)'^ by declaring 

for all y G U<q. We claim that the map a i—>■(/>„ is an isomorphism of Fi(U)-modules. By the 
non-degeneracy of (•,•), it is an isomorphism of linear spaces. To show that it respects the 
F/(17)-module structure, we compute the action of the subalgebras U>o and U<o on M(A/2)'^. 
Suppose first that 2 : G U<o, with Sz G U~KP. Then for all y G U<o we have 

iz-4'a)iy) = (t>a{Szy) = {aK~^/‘^,Szy) = , Sz){a 2 K~^/‘^,y) = Sz)4>a2iy) 

At the same time, for b G U~^KP, we have 

{b ■ ^a){y) = MSby) = {Sb3,y3){bi,y,)cj)aiy2Sb2) = {Sb3,y3){bi,yi){Sb2,K^/^){aK-^/\y2) 
= {biaK-^/^Sb3,y){Sb2,K^/^) = 

Here we used formula (jS.SD for the product in U, together with the homogeneity of the 
coproduct in U>o. Now given G ^Og[G]^^^, we compute the action of l~{ 1 P 2 ) 

on (j)a G M(A/2)^ with the help of Lemma 15.31 Note that in the expansion 

^(V’) = 

V 

we have 

G V-K^ and G 17+iL"^. 

Then 

■ 't’a = = (“l/^"(5'”V3))</>i+(^i)«2«+(S-li/-2)- 

Therefore taking a = we find 

7('0) • (pa r(5* V’S) V^l)*?^Z+(5“li/>2</52bl) P^ip-a 

which shows that the map (pa intertwines the two actions of Fi{U). □ 

Corollary 5.5. The homomorphisms C and ^ are injective. 

Proof. For any A G P+, the contragredient Verma module M(A)^ contains the finite¬ 
dimensional P-module P(A) as a submodule. Hence the corollary follows from the fact [201 
5.11] that no non-zero element of U acts by zero in all finite-dimensional representations. □ 

As in Corollary 14.151 we may extend (j to obtain a homomorphism of algebras 

C,'. Fi{U) ®zUq — >7ig , u (g) t (-> /r(u)t. (5.4) 

Proposition 5.6. The homomorphism is injective. 

Proof. Since Uq ~ C[P] we may regard U P/(P) Gz 17o as a quasi-coherent sheaf on 
SpecC[P], whose stalk at A G C[P] we denote by {U) y We may similarly regard as a 
sheaf over SpecC[P] and denote its stalk at A G C[P] by {jUg )^. Let (P)^ —> {hLg 
be the induced map. Then ker^ is a subsheaf of U, and ker^A is its stalk at point A. Thus, 
it is enough to show that kerz^A = 0 for any A. 

Let Zx C U denote the ideal generated by (l ® and Jx C denote 

the ideal generated by (ijpRP — Let be the quotient of U by the central 

character of the Verma module of weight A. Note, that U/Zx zz U^. Set ZLg / Jx and 
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let —> T-Lq be the induced homomorphism. By quantum Duflo theorem, we know that 

acts faithfully on the Verma module M{\). In view of Proposition 15.41 and the existence 
of a nondegenerate pairing between a Verma module and the corresponding contragredient 
Verma module, we obtain ker C,^ = 0. 

Now, let C[P]a denote the local ring at A and rtiA be its maximal ideal. Then one has 

and = {H^-) 

so that 


niAkerCA = kerCA- 

At this point the Proposition would from Nakayama’s lemma if ker ^a were a finitely-generated 
C[P]a module. Therefore, it remains to filter ker(^A by finitely generated submodules. There 
is a natural hltration on {U) ^ (by the sum of modulus of exponents in the Poincare-Birkhoff- 
Witt basis), so let ker„^A denote the intersection of the n-th hltered component with ker^A- 
Then the submodules ker„ Ca are hnitely generated (as submodules of a hnitely generated 
module over a Noetherian ring) and deliver the required hltration on ker^A- D 


6. The /^-twisted quantum coordinate ring 

In this section we introduce the twist ^Oq[G] of the quantum coordinate ring Oq[G], 
and explain its relation with the Heisenberg double Hq. 

6.1. The Heisenberg double and ^Oq[G]. 

Proposition 6 . 1 . The following formula defines an associative product •ji in Oq[G] 

(pmR'ip = r{<fi,ipi)<p2'>p2 ( 6 . 1 ) 

Proof. This follows straightforwardly from the co-quasitriangularity properties ()3.9p of the 
universal r-form. □ 

Definition 6 . 2 . We dehne ^Oq\G] to be the associative algebra with multiplication dehned 
by (pTll . 

Proposition 6 . 3 . The map I given by (I3.16P defines an embedding of algebras 

I: ^Oq[G]^nq. 

Proof. That I is injective follows from the injectivity of the map J = m o I . To prove that 
/ is a homomorphism of algebras, we compute 

Hf) •r V’) = r{4>i,'ifi)I{(l)2i^2) = r{4>i,'tlJi)l"^i(j)2'4>2)#'l~{hf^3) 

On the other hand, in Tiq we have 

/(</>) • = {l+{cf,)#'l-{cf2)) ■ (/+(V>i)#'r (V>2)) 

= (/+(V’l)2//-(</)2)2>/+(-/>l)Z+(lAl)l#'r(,/.2)l'r(V’2) 

= (;+(iA2)/r(</>2))^+(0i)^+(V’i)#'r(())3)'r(v>3) 

= I’((/'l,V'l)^^(<('2V'2)#'r((/>3V'3) 

= i{(t^ •r'4^) 

□ 
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Proposition 6.4. The image I{^Oq[G\) C Tiq is contained in the subalgebra of T^- 
invariants. 

Proof. Suppose that V’ € Oq[G]x^^, and 

^(V’) = 

V 

Then 

/(lA) = 

The only non-zero terms in the sum must have /d + fj, — v = 0, X + n — a = 0. Hence we find 

□ 

Although / : ^Oq[G] is an embedding, it is not surjective. In order to obtain an 

isomorphism, we must localize at certain elements of ^Oq[G]. We define elements cff € Clq[G] 
by 

4>t = 

Lemma 6.5. The following equalities hold 

I{cft) = 

Proof. One can see that 

4>t = and (ff = {q~^ - qi)~^aAl{Fi){A^*). 

The rest of the proof is a straightforward calculation using the C/-equivariance of J. □ 
Proposition 6.6. The algebra TL^'' is generated by I (^Og[G]) together with the elements 

Hence, we have the isomorphism 

( 6 . 2 ) 

Proof. Existence of the map and its injectivity follow from the fact that /(A‘^*) is invertible 
in Hq, with inverse given by 

The surjectivity follows from Lemma 16.51 together with the description ()3.2ip of □ 

Set 

0,[G°] Oq[G][iA-T^]Ui 

and let 

Oq[G°/H] = {cf € Oq[G°] = for any A G P}. 

be the subalgebra of C/o-hwariants in Oq\G°\ under the coregular action defined by (|3.7I) . 




QUANTUM GROUPS AND QUANTUM TORI 


27 


Corollary 6.7. The restriction of the map (|6.2p 

I: ^Og[G°/H] 

is an isomorphism of algebras. 


6.2. Images of the Chevalley generators under By Lemma [6. 5 1 it suffices to calculate 
C(Aj),)• First, suppose that 4> G Og[G]\^^ satisfies (l){xu) = e{x)4>{u) for all x G U~, 
u gU. Then we have = €{(f))K^, so 

C(0) = (l#iL^)I(5-V) 

which implies 

C(Ai) = 

C(C) = • I{S-^cf-)r\ 

where t^ stands for 

In order to calculate suppose that cf G Og[G]\^fj, satisfies (f>{ua) = e{a)(f>{u) for all 

a G U~^ and u G U. Then we have J{4>) = and hence 

Ac;(J(</.)) J(</)2), 

where Ajj denotes the comultiplication in U. In turn, this implies 

C(</)+) = • I{S-^A^^)t^^ + qaiA^^^) • /(A"»)-i • I{S-^4>f)t^^-^^y 


Corollary 6.8. ITe have 


C{EiK-^^^) = (^/( 0 +) • I{S-^A‘^*)r^ + qiI{A^*) ■ /(A“»)-^ 




6.3. An isomorphism between ^Og[G] and Oq[G]. We now explain how to use the quan¬ 
tum Weyl group to construct an isomorphism between ^Og[G] and Og[G]. Recall the element 
Y defined by (|3.12p . Then the identity ()3.131) implies the following proposition. 


Proposition 6.9. The element Y defines an isomorphism of algebras 

ly: Og[G] ^Og[G], <f ^ {Y,<ff)cf2 

Proof. Using the relation (I3.13p . we compute 

w(</') •r = (U,(/>l)(T, 1 ^ 1)01 •r 1^2 = {Y,4>i){Y,'ll^i)r{(f>2,1p2)4>3lp3 
= {Y, f2i){Y, V^i)((y-^ 0 Y-^)A{Y),f22 ^ iA2)03V’3 
= {A{Y),4>1 0 V’l)02V’2 = {Y,(pl'llJl)4)2'f’2 = 

□ 


Definition 6.10. Let 0 be the Dynkin diagram automorphism such that WQSi = sg^i'^WQ holds 
for all simple reflections Sj. 

Using the definition of Y one obtains the following explicit formulas for iy in terms of 
generalized minors. 
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Lemma 6.11. One has 

{< 17 ' - <ii){<yr'{<Pt) = 

(c' - «)(‘r)-‘(s-Gr) = 

Corollary 6.12. The map by establishes an isomorphism between the localizations 

<y: 0,[G|[(A:;_,)-‘|,.,. , ^ «0,[G|[(A“')-‘|,.1. . 


As explained in [6], the algebra Oq[G]\{A^^ can be regarded as the quantum 

coordinate ring Oq[G^°] of the big open Bruhat cell G^° = B^wqB^ C G. 


7. Main results 


Let us introduce the notation 

C)g[G"'V77]=^{(/)GC>g[G“'°] I (i^^0 !)•(/. = (/) for any A G P} 

for the subalgebra of f/o-invariants in Oq[G'^°] under the coregular action defined by (|3.7p . 
By Corollary 16.71 and Corollary 16.121 the map 

(ty^o/-i)(8)id: ^Oq[G^°/H]^T (7.1) 

is an isomorphism of algebras. Combining this isomorphism with Corollary 13.141 we arrive 
at 

Theorem 7.1. The map obtained by composing the homomorphism C defined in (1531) with 
the isomorphism dm) is an embedding of algebras 

$: FfiU) (g>z Uo Oq[G^°/H] ® T. 

Remark 7.2. Note that by Corollary 16.81 in order to extend the homomorphism <1> to the 
entire quantum group Uq{Q), we must localize further by inverting the products 
for all z = 1, • • • r. Hence the target of the homomorphism becomes Oq[G'^°’'^°/H], the 
quantum coordinate ring of the reduced big double Bruhat cell in G. In fact, we must also 

adjoin the square roots to Oq[G'^°’'^°/H], although this poses no difficulties. 

This phenomenon is related to the fact that the maps rji: G* ^ G* in ()1.3p , ()1.4I) , while local 
diffeomorphisms, are in fact 2^-fold coverings. 

1^2 

Notation 7.3. Oq[G'^°’'^°/H] denotes the algebra obtained by adjoining 
for i = 1,..., r to Oq[G'^°’'^°/H]. Similarly, T' stands for C[P/2] D T. 

Corollary 7.4. Let y: T —> C 6e a character of the torus T. Denote by the same letter the 
induced character of the center Z C Uq{Q) coming from the embedding Z ^ T. Then 
extends to an embedding <!>': Uq{Q) —Og[G"'°’"'°/i7] ®T' such that the following diagram 
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commutes 


U,{q) 


uM/^x 




id Ox 


— ^ /H] 

where is the ideal generated by the kernel of x- 
Corollary 7.5. One has the following explicit formulas for 






A(^i 


Wo 
-1 


-1 


-1 

wose(i) 


+ c'Ai; 


^l,wo 


-1 


A“* 


-1 


A 


w/iere Ei = {qG - qfjEi and Fi = {qG - q-)Fi. 

Proof. This follows from combining Corollary 16.81 with Lemma 16.111 


□ 


We end this section with the following conjecture based on the classical isomorphism (11.1111 
and Proposition 11.201 


Conjecture 7.6. We have an isomorphism of non-commutative fraetion fields 

Frac {Fi{U) Uq) = Frac {Oq[G/H] O T). 

In particular, Frac {Fi{U) ®z Uq) coincides with a non-commutative fraction field of a quan¬ 
tum torus algebra, i.e. the quantum G elf and-Kirillov property holds for Fi{U) ®z Uq. 


8. Example for 0 = s[2 


We conclude by providing a detailed example of our construction for the case g = sl 2 . Let 
us write E,F,K^/‘^ for the generators of the simply-connected form of Eq(sl 2 ). Recall that 
the fundamental representation of Eq(s[ 2 ) on is determined by 


E hA 









The Hopf algebra Oq{SL 2 ) is generated by the matrix coefficients of the fundamental repre¬ 
sentation. More explicitly, Oq{SL 2 ) has generators (xn, xi 2 , X 21 , 2 ^ 22 ) subject to the relations 


X11X12 = gXi2Xii X12X22 = qX22Xl2 X12X21 = X21X12 

X11X21 = qX2lXii X21X22 = qX22X21 [xil,X22] = {q- q~^)xi2X2l 

as well as the quantum determinant relation 

X 11 X 22 - g'Xi2X21 = 1. 

The coalgebra structure of Oq{SL 2 ) is given by 

A{xij) = Xii (8) Xij -I- Xi2 0 X2j and e(xjj) = 6 ij 
while the antipode is given by 

5(xii) = X22, 5'(xi 2) =-g“^xi2 , 5'(x2i) =-9x21, 5 '(x22) = Xii. 
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The quantum coordinate ring of the big Bruhat cell BwqB C SL 2 is 

0,[SL^°] = 0,[SL2][x^I] 

while the quantum coordinate ring of the big double Bruhat cell BwqB n B^wqB^ C SL 2 is 
given by 

= 0,[SL2][x^,^x^I]. 

The quantum coordinate ring of the reduced big double Bruhat cell Oq[SL 2 °’^°/H] (g) T 
embeds into the quantum torus algebra 

A = j[uv = (f‘vu^ zu = uz, zv = vz) 

via the identification 


U=-q^X 22 X 21 , V =-q z = t. 

As in Corollary 17.51 we introduce the normalized generators of ?7q(s[2) 
E = {q~^ — q)E and E = {q~^ — q)E. 


Then the values of the /-operators on the matrix 

/+(xii) = 77-1/2 

1'^{X12) = 0 
/+(X21) = .B77-1/2 

/+(X 22 ) = 771/2 

It follows that the isomorphism J: Oq{SL 2 ) — 






'r(xii) = 77 - 1/2 
'r(xi 2 ) = F77i/2 
'l~{x 2 l) = 0 
'r(x 22 ) = 771/2 

Fi{Uq{5l2)) is given by 


= 77 - 1 , J{xi 2 )=qF, J {x 2 i) = EK-\ J{x 22 ) = K + qEF. 


T 

The homomorphism C,: Oq{SL 2 ) — 'Hq~ takes the form 
C(xii) = (l + g-i.g77-i#F) -t 
C(xi2) = -g(i7-i#F)-t 

C(x2i) = (%1 + q-^E^K-^i^F) • t - (%1) • f-i 
C(^22) = -g(^77-i#F) -t + f-i 

where we write t = 1^^771/2 e Tiq^. 

The isomorphism ty: Oq{SL 2 ) —> ^Oq{SL 2 ) is given by 

I'vixii) = -q~^^^X2i, ty(x2i) = g-^/^ii, 

I'Y{x 12) = -q~^^‘^X22, Ly{x 22) = q~^^‘^Xi2. 


and the isomorphism 7 : 0^{SL2)[A- i][^^ — 'Hq‘' is 
7(xii) = A-i/2#i7-i/2 7 (x2i) = 

I{xi2) = A-i/2#F77i/2 7 (x22) = + ER-^/^^FK^/^ 
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The algebra embedding <1): Fi{Uq{5\2)) —^ Oq[SL'^°/H]®T in Theorem [7T] takes the form 

K~^ i-A -qxi2X2it, 

F i-A -q^X22X2it, (8.1) 

EK~^ i-A qxuxut + xiiX2it~^ ■ 

As explained in Remark 17.21 in order to embed C/g(s[ 2 ) we must localize further at X 12 X 21 
and adjoin (xi 2 a; 2 i)^^^. Therefore let A! be the quantum torus algebra obtained from A by 
adjoining the elements and . Then we obtain the following quantum torus algebra 
realization of 17q(s[2): 

Uq{5\2)^A! 

^1/2 ^ E^z-\-\qv^/^-q-\-^/^){v-^/^z-v^/^z-^). 
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